
2.7 Differentiation

Derivatives (general)

Power
d

dx
(un)=nun−1 du

dx
(2.292)

n power
index

Product
d

dx
(uv)=u

dv

dx
+v

du

dx
(2.293)

u,v functions
of x

Quotient
d

dx

(u
v

)
=

1

v

du

dx
− u

v2

dv

dx
(2.294)

Function of a
functiona

d

dx
[f(u)]=

d

du
[f(u)] · du

dx
(2.295)

f(u) function of
u(x)

Leibniz theorem

dn

dxn
[uv]=

(
n

0

)
v

dnu

dxn
+

(
n

1

)
dv

dx

dn−1u

dxn−1
+ · · ·

+

(
n

k

)
dkv

dxk
dn−ku

dxn−k
+ · · ·+

(
n

n

)
u

dnv

dxn

(2.296)

(
n
k

)
binomial
coefficient

Differentiation
under the integral
sign

d

dq

[∫ q

p

f(x) dx

]
=f(q) (p constant) (2.297)

d

dp

[∫ q

p

f(x) dx

]
=−f(p) (q constant) (2.298)

General integral
d

dx

[∫ v(x)

u(x)

f(t) dt

]
=f(v)

dv

dx
−f(u)

du

dx
(2.299)

Logarithm
d

dx
(logb |ax|)= (x lnb)−1 (2.300)

b log base

a constant

Exponential
d

dx
(eax)=aeax (2.301)

Inverse functions

dx

dy
=

(
dy

dx

)−1

(2.302)

d2x

dy2
=− d2y

dx2

(
dy

dx

)−3

(2.303)

d3x

dy3
=

[
3

(
d2y

dx2

)2

− dy

dx

d3y

dx3

](
dy

dx

)−5

(2.304)

aThe “chain rule.”
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Trigonometric derivativesa

d

dx
(sinax)=acosax (2.305)

d

dx
(cosax)=−asinax (2.306)

d

dx
(tanax)=asec2ax (2.307)

d

dx
(cscax)=−acscax ·cotax (2.308)

d

dx
(secax)=asecax · tanax (2.309)

d

dx
(cotax)=−acsc2ax (2.310)

d

dx
(arcsinax)=a(1−a2x2)−1/2 (2.311)

d

dx
(arccosax)=−a(1−a2x2)−1/2 (2.312)

d

dx
(arctanax)=a(1+a2x2)−1 (2.313)

d

dx
(arccscax)=− a

|ax| (a
2x2 −1)−1/2 (2.314)

d

dx
(arcsecax)=

a

|ax| (a
2x2 −1)−1/2 (2.315)

d

dx
(arccotax)=−a(a2x2 +1)−1 (2.316)

aa is a constant.

Hyperbolic derivativesa

d

dx
(sinhax)=acoshax (2.317)

d

dx
(coshax)=asinhax (2.318)

d

dx
(tanhax)=asech2ax (2.319)

d

dx
(cschax)=−acschax ·cothax (2.320)

d

dx
(sechax)=−asechax · tanhax (2.321)

d

dx
(cothax)=−acsch2ax (2.322)

d

dx
(arsinhax)=a(a2x2 +1)−1/2 (2.323)

d

dx
(arcoshax)=a(a2x2 −1)−1/2 (2.324)

d

dx
(artanhax)=a(1−a2x2)−1 (2.325)

d

dx
(arcschax)=− a

|ax| (1+a2x2)−1/2 (2.326)

d

dx
(arsechax)=− a

|ax| (1−a2x2)−1/2

(2.327)

d

dx
(arcothax)=a(1−a2x2)−1 (2.328)

aa is a constant.
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Partial derivatives

Total
differential

df=
∂f

∂x
dx+

∂f

∂y
dy+

∂f

∂z
dz (2.329) f f(x,y,z)

Reciprocity
∂g

∂x

∣∣∣∣
y

∂x

∂y

∣∣∣∣
g

∂y

∂g

∣∣∣∣
x

=−1 (2.330) g g(x,y)

Chain rule
∂f

∂u
=
∂f

∂x

∂x

∂u
+
∂f

∂y

∂y

∂u
+
∂f

∂z

∂z

∂u
(2.331)

Jacobian J=
∂(x,y,z)

∂(u,v,w)
=

∣∣∣∣∣∣∣∣∣∣∣

∂x

∂u

∂x

∂v

∂x

∂w
∂y

∂u

∂y

∂v

∂y

∂w
∂z

∂u

∂z

∂v

∂z

∂w

∣∣∣∣∣∣∣∣∣∣∣
(2.332)

J Jacobian

u u(x,y,z)

v v(x,y,z)

w w(x,y,z)

Change of
variable

∫
V

f(x,y,z) dxdydz=

∫
V ′
f(u,v,w)J dudvdw

(2.333)

V volume in (x,y,z)

V ′ volume in (u,v,w)
mapped to by V

Euler–
Lagrange
equation

if I =

∫ b

a

F(x,y,y′) dx

then δI =0 when
∂F

∂y
=

d

dx

(
∂F

∂y′

)
(2.334)

y′ dy/dx

a,b fixed end points

Stationary pointsa

maximum minimumsaddle point quartic minimum

Stationary point if
∂f

∂x
=
∂f

∂y
=0 at (x0,y0) (necessary condition) (2.335)

Additional sufficient conditions

for maximum ∂2f

∂x2
<0, and

∂2f

∂x2

∂2f

∂y2
>

(
∂2f

∂x∂y

)2

(2.336)

for minimum ∂2f

∂x2
>0, and

∂2f

∂x2

∂2f

∂y2
>

(
∂2f

∂x∂y

)2

(2.337)

for saddle point ∂2f

∂x2

∂2f

∂y2
<

(
∂2f

∂x∂y

)2

(2.338)

aOf a function f(x,y) at the point (x0,y0). Note that at, for example, a quartic minimum ∂2f

∂x2 = ∂2f

∂y2 =0.
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Differential equations

Laplace ∇2f=0 (2.339) f f(x,y,z)

Diffusiona ∂f

∂t
=D∇2f (2.340)

D diffusion
coefficient

Helmholtz ∇2f+α2f=0 (2.341) α constant

Wave ∇2f=
1

c2

∂2f

∂t2
(2.342) c wave speed

Legendre
d

dx

[
(1−x2)

dy

dx

]
+ l(l+1)y=0 (2.343) l integer

Associated
Legendre

d

dx

[
(1−x2)

dy

dx

]
+

[
l(l+1)− m2

1−x2

]
y=0 (2.344) m integer

Bessel x2 d2y

dx2
+x

dy

dx
+(x2 −m2)y=0 (2.345)

Hermite
d2y

dx2
−2x

dy

dx
+2αy=0 (2.346)

Laguerre x
d2y

dx2
+(1−x)

dy

dx
+αy=0 (2.347)

Associated
Laguerre x

d2y

dx2
+(1+k−x)

dy

dx
+αy=0 (2.348) k integer

Chebyshev (1−x2)
d2y

dx2
−x

dy

dx
+n2y=0 (2.349) n integer

Euler (or
Cauchy) x2 d2y

dx2
+ax

dy

dx
+by=f(x) (2.350) a,b constants

Bernoulli
dy

dx
+p(x)y=q(x)ya (2.351) p,q functions of x

Airy
d2y

dx2
=xy (2.352)

aAlso known as the “conduction equation.” For thermal conduction, f ≡ T and D, the thermal diffusivity,
≡κ≡λ/(ρcp), where T is the temperature distribution, λ the thermal conductivity, ρ the density, and cp the specific
heat capacity of the material.
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